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Primitive Variable, Strongly Implicit Calculation Procedure for
Viscous Flows at All Speeds

K.-H. Chen* and R. H. Pletchert
Iowa State University, Ames, Iowa 50011

A coupled solution procedure is described for solving the compressible form of the time-dependent, two-
dimensional Navier-Stokes equations in body-fitted curvilinear coordinates. This approach employs the strong
conservation form of the governing equations but uses primitive variables (M, v, p, T) rather than the more
traditional conservative variables (p, pw, pv, et) as unknowns. A coupled modified strongly implicit procedure
(CMSIP) is used to efficiently solve the Newton-linearized algebraic equations. It appears that this procedure
is effective for Mach numbers ranging from the incompressible limit (Mx ~ 0.01) to supersonic. Generally,
smoothing was not needed to control spatial oscillations in pressure for subsonic flows despite the use of central
differences. Dual-time stepping was found to further accelerate convergence for steady flows. Sample calcula-
tions, including steady and unsteady low-Mach-number internal and external flows and a steady shock-boundary-
layer interaction flow, illustrate the capability of the present solution algorithm.

Introduction

O VER the past two decades, a number of different finite-
difference schemes have been proposed to solve the Na-

vier-Stokes equations.1 Traditionally, they have been classi-
fied as methods for either compressible or incompressible
flows. Most of the formulations for compressible flows have
utilized conservative variables,2-3 which include density, in-
stead of pressure, as a primary variable, and the equations
have generally been solved in a coupled (simultaneous) man-
ner. An exception to this is the recent work of Karki and
Patankar4 and Van Doormaal et al.5

Methods for incompressible flows, on the other hand, have
employed a wider range of dependent variables, including
derived as well as primitive, and the equations have generally
been solved in a segregated (one variable at a time) manner.
The derived variable approaches usually either involve more
unknowns than contained in the original Navier-Stokes equa-
tions or become too complicated to easily extend to three-
dimensional flow calculations.

Numerical methods developed for compressible flows are
not, in general, suitable for efficiently solving low-Mach-num-
ber or incompressible flows. The reasons usually offered for
this are 1) roundoff error due to using density as a primary
variable,6 2) truncation errors due to applying approximate
factorization in multiple dimensional problems,7 and 3) a time
step (or CFL number) constraint due to near infinite acoustic
speed.1

To circumvent some of the above problems, pressure can
be chosen as a primary variable instead of density because
the variation of pressure is generally significant for all flow
regimes. This idea has been used8 in solving low-Mach-num-
ber steady flows by a coupled space marching procedure that
involves using multiple sweeps to account for the upstream
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propagation of pressure signals. But this space marching pro-
cedure is only effective for flows within a dominant flow di-
rection. Recently, a similar idea, although different in detail,
was proposed to alleviate the above problems using a seg-
regated algorithm.4 Feng and Merkle9 also employed pressure
as a primary variable in a scheme that utilized a precondi-
tioning technique to scale all eigenvalues of the coupled sys-
tem of equations to the same order of magnitude in order to
accelerate convergence for low-Mach-number steady flows.

The approximate factorization procedure was avoided in
the present work by using a modified form of Stone's strongly
implicit procedure (SIP)10 to solve the algebraic equations in
the plane. The modified form of the SIP algorithm (MSIP)
proposed by Schneider and Zedan11 exhibits faster conver-
gence and less sensitivity to the relaxation-type parameter of
the method than the original SIP algorithm. The MSIP al-
gorithm was extended to handle a coupled 4 x 4 block system
in the present work.

There are many applications in which it would be conven-
ient to use the same algorithm for Mach numbers ranging
from incompressible to transonic. The search for an algorithm
suitable for all speeds goes back at least to the work of Harlow
and Amsden.12 More recent work on the subject includes
contributions from Karki and Patankar4 and Van Doormaal
et al.5 The main contribution of the present work is to point
out a solution strategy that could be applied to a number of
difference formulations to permit efficient computation over
a wider range of Mach numbers. The specific difference stencil
used in the present work may not be optimum for all cases
(particularly at very high Reynolds number), and can clearly
be improved. The form used, however, does serve to illustrate
the advantages of the overall approach.

In the present paper, a coupled strongly implicit procedure
for solving the two-dimensional unsteady compressible con-
servation-law form of the Navier-Stokes equations with pri-
mitive variables, i.e., u and v velocity components, pressure,
and temperature, is described. Incompressible test cases are
computed from this formulation simply by setting the Mach
number to a very low value. Since all variables, including
pressure, are computed simultaneously in the algorithm, there
is no need to use a separate pressure Poisson equation, and
the continuity equation is automatically satisfied. Some con-
vergence enhancement techniques for steady-state solutions
will also be described. Several steady-state results including
two low-Mach-number incompressible flows and one super-
sonic flow will be given. One unsteady subsonic flow is also
discussed.
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Numerical Approach
Governing Equations

After replacing the density by pressure and temperature
using the equation of state (p = pIRT), the nondimensional
form of the unsteady, two-dimensional compressible Navier-
Stokes equations can be written in generalized nonorthogonal
coordinates1 as

where

(i)

The above nondimensional variables were defined in the fol-
lowing manner (dimensional quantities are indicated by a tilde):

t = f

v p pv = —, p = —, p = —J—,
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The Reynolds number, Mach number, and Prandtl number
were defined as

Re = Pref^ref^ref

Mref
Pr =

Here, Lref is a flowfield characteristic length; x and 3; are the
Cartesian coordinates; u and v are the respective Cartesian
velocity components; p is the density; p is the static pressure;
JJL is the dynamic viscosity; T is the static temperature; R is
the gas constant; Cp is the constant pressure specific heat; k
is the thermal conductivity; y is the specific heat ratio; and
Cl and C2 are the Sutherland constants. The subscript "ref'
denotes the reference quantities that are the upstream bulk
properties for internal flow cases, or the freestream properties
for external flow cases.

All sample calculations were performed for dry air at am-
bient temperature and pressure using the following fluid prop-
erty constants.

R = 287 m2/(s2 K), = 1.4

-uV + Rp-r), - (lyr^ + Ty

^uV + Rpt]y -

£* + £*)v
T 2 T 2 /

PrRe

~
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Laminar flow was assumed and the viscosity for air was de-
termined by the Sutherland formula1 as follows:

M< = C2)
(2)

= 1.458 x 10-6 kg/(m s VK), C2 = 110.4 K

Discretization of the Equations
The discretization will be described for the form of the

equations given by Eq. (1). A first-order forward difference
was used for the time terms. Central differences, in general,
were used for the spatial derivative terms in the equations.
For example, the first-order spatial derivative term of the
continuity equation in the % direction was differenced by

pU
JT

pU
JT

where, A^ = 1 was assumed. However, the deferred correc-
tion formula proposed by Khosla and Rubin13 was also used
for the convective terms in the momentum and energy equa-
tions for one of the cases presented in this paper (driven cavity
flow). For example,

d_ipuU\
dt JT .

^
\n+l,k+l / \ n

puU\ _ lpuU\
\JTjtJ

' ij \ 3T / / _ . w -

for ^/ > 0 (3)
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/ , A « + 1.*fpuU\

fpuU\" + l-" _ 2(pM\" + l'k

\JTji+l, \JTJu

for U < 0 (4)

The upwind-differencing part of the above expression was
evaluated implicitly on the left-hand side of the equations and
the central-differencing part was evaluated explicitly on the
right-hand side of the equations. When the solution con-
verges, the second-order central difference is recovered.

The second-order spatial derivative terms in the £ direction
were differenced as

1/2,/

where <|> is the dependent variable, a represents a combination
of metric terms and viscosity in the viscous terms in the mo-
mentum equations and the coefficient to the conduction terms
in the energy equation, (/ + 1/2) indicates a location halfway
between i and (i + 1), and (/ — 1/2) denotes a location halfway
between (/ - 1) and /. The values of ai+m and ai_m were
determined as

and the first-order derivative terms at the half-nodal point
were evaluated as

_L. — An + 1 _ An + 1
j - <!>/+i,y <P/,y

Similar expressions for the terms in the iq direction are eval-
uated in the same way. The second-order spatial cross deriv-
ative terms are expressed as

The above central-difference representations for the spatial
derivative terms can also be interpreted as evaluating the flux
quantities [E and Fin the Eq. (1)] at the face of control volume
by simply averaging the flux quantities at two nodal points,
e.g., Ei+ l/2J + £,-!,,)• All metric terms of the
transformation at the interior points were evaluated by sec-
ond-order central differences satisfying the geometric con-
servation law.14

After differencing, all nonlinear terms were linearized by
a Newton method.1 However, it should be noted that an
equivalent formulation can be developed using conventional
Jacobian matrices.15 The representations for two typical non-
linear terms, such as the time term in the continuity equation
and one of the convective terms in the momentum equations,
are illustrated as

P"
n + 1 ,k

(5)

/ \ n + l.*+l / \ n + l.kpiiU\ ^ IpU pu
\JT / \JT Ty

n + \,k / V H + I,*

——— (52) r
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\J*P V/r ; (6)

where k is the iteration index and n indicates the time level.
For time-accurate calculations, the linearization error can

be effectively removed by iterating at each time level. For
steady-state calculations, iterations were not required at each
time step since the time marching scheme is itself a relaxation
procedure. All terms were treated in an implicit way (at level
n + 1, k + 1) except the viscous dissipation terms (in the
energy equation) that were evaluated at the level (n + 1, k).
After linearization, the four variables, u, v, p, and T, appear
in all of the equations and the resulting equations takes the
following form:

+ A9
itjqitj + Aljqi+lJ + AfJqi_lJ+l

+ A}JqiJ+l + Aljqi+lJ+l = b^

and can be expressed in a matrix form as

(A]q = b

(7)

(8)
where

M,i ^1,1
lj,y A?) Alj

Afmjm A5
imjn

\? A1-1 AL
is the coefficient matrix with a 4
and

x 4 block in each element

q=[(u,v,p,T)li, . . . , ( u , v , p , T ) J j , . . . ,(u,v,p,T)l,,m]T

b = ((bu, bv, bp, bT)li, . . . , (bu, bv, bp, bT)r, . . . ,

(bu, br, bp, b^L^Y

are the unknown vector and the right-hand side vector, re-
spectively. Figure 1 shows the computational molecule for A1,
A2, A\ . . . and A9.

Boundary Conditions
All boundary conditions were treated implicitly. In general,

except for noslip boundaries, the governing equations were
written on boundary points. This procedure usually needs
field variables at the points outside the domain. The way the
unknowns at these extra points are determined varies with
the boundary and flow types. The various boundary condi-
tions are discussed as follows:

Inflow Boundary
For subsonic flows, w, v, and T were specified. Pressure

was extrapolated from interior points. For supersonic flows,
all variables must be specified.

Outflow Boundary
For subsonic flows, pressure was specified at this boundary

and extrapolation was used to obtain other variables. For
supersonic flows, all variables were extrapolated from interior
points.

Far-Field Boundary
For subsonic flows, freestream velocity, pressure, and tem-

perature were specified and the v component of velocity was
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i-1 i i+1

Fig. 1 Computational molecule for AJy, A?y-, . . . , A?,-.

and upper-block triangular matrices, each of which has only
five nonzero diagonals. The following procedure was used to
obtain the unknown vector q. Letting 8" + 1- / t+1 = qn + ̂ k + l -
qn + l* and a residual vector Rn + l* = b - [A]f + 1*, Eq. (9)
becomes

[A

Replacing [A + P] by the [L][£7] product gives

(10)

(H)

Defining a provisional vector W by w» + 1-*+1 = [£/]8/I + 1-* + 1,
the solution procedure can be written in two step:

Step 1:

Step 2:

(12)

(13)

obtained by extrapolation from interior points. For supersonic
flows reported in this paper, all variables were specified.

Symmetry Boundary
The governing equations were written at this boundary as

described above. All variables at the points outside the do-
main were obtained by the symmetry condition for M, p, and
T and the antisymmetry condition for v.

Wall Boundary
Instead of writing the governing equations at this boundary,

noslip conditions were used for velocity components. Either
isothermal or a heat flux condition was used for the boundary
condition for T. For pressure, the favored treatment is to
write the normal momentum equation at this boundary and
apply the noslip conditions to simplify it. The resulting equa-
tion will relate the normal derivative of pressure to velocity
derivative terms. The treatment will become more compli-
cated for irregular or curvilinear boundaries but it may en-
hance the coupling between the pressure and velocity fields
and avoid spurious pressure solutions. This idea will be dis-
cussed further in the results section.

For internal steady-flow calculations, the treatment for the
pressure boundary condition at the inflow and outflow de-
serves special attention. For a compressible formulation used
in this study, the pressure level calculated at the inflow bound-
ary must be adjusted (due to density variation) as the cal-
culation proceeds if the specified Reynolds number is to be
maintained. The same adjustment must be applied to the
pressure everywhere, including the outflow pressure. This
pressure adjustment procedure maintains a constant and pre-
determined mass flow rate. Without this adjustment, the Rey-
nolds number of the final converged solution may drift from
the desired value. This drift was found to be more severe for
low-Reynolds-number flows.

CMSIP Solution Procedure
The above algebraic equations with the specified boundary

conditions, which has a 4 x 4 block in each element, were
solved by the CMSIP procedure. This procedure introduces
an auxiliary matrix [P] to both sides of the above matrix
equation [Eq. (8)] as

The detailed formulation of this procedure can be found in
Andersen et al.,1 Stone's original paper,10 and Schneider and
Zedan11 for scalar equations. The coupled formula, which is
a straightforward extension from its scalar counterpart, can
be obtained from Chen15 or Zedan and Schneider.16 This pro-
cedure treats the unknowns for the entire domain in a strongly
implicit manner that enhances the robustness of the solution
algorithm. It should be noted that the present work may be
one of the first attempts to solve compressible Navier-Stokes
equations by the CMSIP scheme. Application of the CMSIP
scheme to hyperbolic equations has been studied by Walters
et al.17, where a stability analysis showed that the SIP scheme
was unconditionally stable for the three-dimensional wave
equation.

Smoothing
When a nonstaggered (collocated) grid arrangement is used

with central differences, a spatial oscillation in pressure due
to pressure-velocity decoupling has frequently been reported
in the literature18 for low-Mach-number and incompressible
flows. This type of high-frequency oscillation is also found
near a shock wave in supersonic flows. In most cases, for low-
Mach-number flow calculations, it appears that this pressure
oscillation can be removed by proper treatment of the bound-
ary conditions and the form of governing equations used,
although the generality of this finding is still being studied.
If the pressure decoupling occurs, the following explicit
smoothing procedure (or "filter"19) is suggested

(14)

[A (9)

where [A + P] can be conveniently decomposed into lower-

where c|> is the variable to be smoothed.
Smoothing was generally not needed in the subsonic flow

calculations. The exception was for the cylinder cases where
smoothing was required for the pressure. For those cases, the
pressure boundary conditions were obtained by setting the
pressure derivative normal to the body equal to zero rather
than the more usual procedure of evaluating the pressure
derivative from the momentum equations. A value of co be-
tween 0.05 and 0.2 was found to be satisfactory. For the
supersonic case, all dependent variables were smoothed using
CD = 0.005. The widely used implicit smoothing method1 was
also tried and it was found that the present explicit smoothing
was less sensitive to the smoothing parameter co.
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Convergence Criterion
The convergence criterion was based on the norm of all

variables in a coupled sense. This criterion is as follows:

im,jm n = 4 ^k + l _ ^k

2 Sl2-!^12

4 x /m x ym
(15)

where A: is the iteration level, n the variable index, im the
number of grid points in the x direction, jm the number of
grid points in the y direction, qn a component of the unknown
vector q, and gn,rms the root-mean-square value of qn. The
criterion e was generally set equal to 1.0 x 10 ~4.

Convergence Acceleration Technique
As with most central-difference schemes, the time term

serves to enhance the diagonal dominance, especially if the
continuity equation is solved coupled with the system. When
central differences are applied to the spatial derivative terms
in the continuity equation, the time term must be retained to
avoid a singularity in the matrix system. Unlike the momen-
tum and energy equations that possess nonzero diagonal terms
from the diffusion and conduction terms, the time term in the
continuity equation bears all of the burden of providing the
diagonal dominance in this equation. Although the present
method solves equations in a coupled manner, and the re-
sulting coefficient matrix is in block form, the diagonal dom-
inance requirement for a single equation can still provide a
good guidelines to assure convergence of the coupled equa-
tions. Golub and Van Loan20 provide the definition of the
diagonal dominance for a block system, but it was found
impractical to use in the present work.

Consistent with the above observations, the present authors
found that if the steady-state solution is the only concern,
dual time can be used to accelerate the convergence rate for
low-Mach-number flow calculations when an isothermal con-
dition is assumed. This dual-time technique applies a much
smaller time step for the continuity equation than for mo-
mentum equations. For this current formulation, the time step
for the continuity equation was about the order of MJ for
low-Mach-number flows. This dual-time procedure is equiv-
alent to using different relaxation factors for different equa-
tions. This technique assures that the rapidly propagating
pressure signal in low-Mach-number flows is resolved by the
smaller time step used in the continuity equation, which can
be thought as an equation for pressure.

The local time step15 was also used in the momentum and
energy equations to further accelerate the convergence for
steady state calculations.

Sample Results
Sample results are presented for four subsonic cases and

one supersonic case. The four subsonic cases include two
steady-state internal flows, one steady-state external flow, and
one unsteady external flow. The results for these five test
cases are briefly described in the next several sections.

Subsonic Steady-State Flows

Developing Flow in a Channel
Because of the symmetrical nature of this problem, only

the upper half-channel was calculated. Four cases with Rey-
nolds numbers of 0.5, 10, 75, and 7500 and a Mach number
of 0.05 was studied. The Reynolds number is based on the
inlet velocity, bulk density, and half-width of the channel.
Grids of 21 x 11,21 x 11,31 x 11, and 41 x 11 points and
nondimensional channel lengths of 2, 4, 30, and 3000 were
used for Reynolds numbers of 0.5, 10, 75, and 7500, respec-
tively. The grid points were clustered near the inlet and the
upper wall. The centerline velocity distribution along the flow-
development region is shown in Fig. 2. The agreement be-
tween the present results and those by TenPas and Pletcher,s

Morihara and Cheng,21 McDonald et al.,22 and Bodoia and
Osterle23 is good. The convergence history of these four cases
is shown in Fig. 3. It should be noted that for steady-state
calculations, iterations were not used at each time step so that
the number of iterations shown in the figure is equal to the
number of time steps. Heat transfer at Re = 500 and Pr =
0.72 was also studied for this case. The results have been
reported in Chen and Pletcher24 and will not be presented
here.

Driven Cavity Flow
The two-dimensional driven cavity problem was studied

very extensively and served as a benchmark test case for the
incompressible Navier-Stokes calculations. Results were ob-
tained for Reynolds numbers of 100, 1000, and 3200, respec-
tively, under an isothermal condition and a Mach number of
0.05. Figure 4 shows the u velocity component along the ver-
tical centerline, and Fig. 5 shows the v velocity component
along the horizontal centerline for these three Reynolds num-
bers. The agreement with the results by Ghia et al.25 and
Goodrich and Son26 is excellent for Re = 100 and 1000 and
is good for Re = 3200. The effects of grid refinement are also
shown. Figure 6 compares the pressure distribution along the
stationary wall obtained by the present method with those
obtained by Ghia et al.27 The abscissa in Fig. 6 represents
distance along the parameter of the cavity, measured as in-
dicated in the insert.

The streamline pattern, pressure contours, the velocity vec-
tors for Re = 3200 are shown in Fig. 7. For the grid points
used (indicated in the figures), the convergence rate for Re

1.7

1.5

1.3

0.9

Present results
a TenPas and Pletcher
o Morihara and Cheng
A Bodoia and Osterle
o McDonald et al.

10U

x/h/Re

Fig. 2 Predicted centerline velocity distribution for developing flow
in a two-dimensional channel inlet.

Number of iterations

Fig. 3 Convergence history for developing flow in a two-dimensional
channel inlet.
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— — — — - Present results 21X21
D Ghiaet al. 129X129
O Goodrich and Son 61X61 (Re=3200

0.0

u velocity
Fig. 4 Predicted u velocity component along the vertical centerline
of the two-dimensional driven cavity for Re = 100, 1000, and 3200.

———— Present results 39X39
———— (71X71 for Re=3200)
— - - - Present results 21X21
a Ghiaet al. 129X129
o Goodrich and Son 61X61 (Re=3200)

Fig. 5 Predicted v velocity component along the horizontal centerline
of the two-dimensional driven cavity for Re = 100, 1000, and 3200.

Fig. 7 Results for the two-dimensional driven cavity flow for Re
3200: a) streamlines, b) pressure contours, and c) velocity vectors.

20

——— Present results
n Chen et al.(Re=100)
o Burggraf
A Chen etal.(Re=1000)

0.4 0.6 0.8 1.0

£ »

Present results 39X39 '
Present results 21X21
Ghia et al.

Re=100

2greTl
Pref

0 1 2 3

Distance along the perimeter of the stationary wall
Fig. 6 Predicted pressure coefficient Cp along the stationary walls of
the two-dimensional driven cavity for Re = 100 (Cp = Re x (p -

= 100 and 1000 compares very favorably with that reported
by Mansour and Hamed28 where a coupled scheme in pri-
mitive variables was used for the incompressible Navier-Stokes
equations. Usually less than 200 iterations were sufficient.
For the Re — 3200 case, slow convergence for a 71 x 71 grids
was encountered. A similar difficulty at this Reynolds number
was also reported by Napolitano and Walters.29 It is suspected
that the slow convergence at this Reynolds number is due to
the strong transient nature of the flow where several signifi-
cant secondary flows appear and interact with the main cir-
culating vortex. Goodrich et al.30 have found the flow to be
unsteady at Re ^ 5000.

Fig. 8 Local Nusselt number at the top moving wall of the two-
dimensional driven cavity.

Table 1 Mach number effect for cavity flow
Re = 100, 21 x 21 grid

Mach number
No. of iterations

0.2
25

0.1
27

0.05
33

10~2

85
io-3

85
10~4

85

Heat-transfer results were obtained for Reynolds numbers
of 100 and 1000, respectively, and a Mach number of 0.05.
Figure 8 shows the local Nusselt number along the top moving
wall that is hotter than the stationary wall for Re = 100 and
1000 with Pr = 1.0. The results for Re = 100 were compared
with those obtained by Chen et al.31 and Burggraf.32 The good
agreement is obvious. The results for Re = 1000, however,
do not agree well with those of Chen et al.31 near the left
corner of the top wall. Further research is needed to resolve
this discrepancy.

In order to study the effect of Mach number, the driven
cavity case for Re = 100 with a 21 x 21 grid was computed
with Mach numbers ranging from 10~4-0.2 and an isothermal
condition. The number of iterations (time steps) for all Mach
numbers is listed in Table 1. It shows that for Mach number
lower than 10 ~2 the number of iterations required increases
by a factor of more than two. Even with this increase, this
algorithm is still very efficient for this range of low-Mach-
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number cases, at least compared with the results reported by
Mansour and Hamed.28 The solutions for the above Mach
numbers were almost identical.

For all cases computed for the cavity flow, no pressure
oscillation was detected using central difference even for the
high Reynolds number case. This unexpected result might be
attributed to 1) usage of the compressible form that contains
the pressure information in the time and the first-order de-
rivative terms and 2) the treatment of the pressure boundary
condition at the wall, which employs the momentum equa-
tions to evaluate the pressure derivative at the wall in an
implicit manner. Both of these procedures enhance the pres-
sure-velocity coupling, thus tending to remove the pressure
oscillation. The present authors also found the above pro-
cedures successful in removing the pressure oscillation in three-
dimensional cavity flow, although the three-dimensional cav-
ity results will not be presented here.

Unsteady Flow over a Circular Cylinder, Re = 100
Before solving this unsteady vortex shedding flow, the pre-

sent algorithm has been tested for a flow over a circular cyl-
inder with Reynolds number of 40 (based on diameter), which
is considered33 as the upper limit for a steady-state flow to
exist for this flow configuration. The solution and efficiency
of the present algorithm for this case has been discussed by
Chen and Pletcher24 and will not be included here.

This vortex shedding case was used to demonstrate the
application of the present procedure for unsteady flows. This
flow has been studied very extensively in the literature.34'35

An O-type 81 x 101 grid was used with mesh clustering near
the wall and in the wake region. The outer boundary was
located 20 diameters from the cylinder. Since the final periodic
unsteady solution was of primary interest, the initial condition
was efficiently generated by the steady-state technique that
quickly set up a flow pattern with a little asymmetry. The
asymmetric trigger technique suggested by Lecointe and Piquet35

was not needed. Starting from this initial solution, a constant
nondimensional time step of 0.02 was used to march the so-
lution in time. Iterations were used at each time step to elim-
inate the linearization error. Initially about 15 iterations were
needed per time step but this number quickly dropped to two
for most of the time marching history. The computation was
stopped after several periodic cycles were observed. Figure 9
shows the final four cycles of the lift coefficient having a
constant amplitude of about 0.31, which is almost identical
to the result reported by Visbal.36 The Strouhal number based
on this is about 0.167. This result is located within the ex-
perimental range 0.16 ~ 0.17 reported by Roshko.37

Figure 10 shows the results for streamlines and vorticity
contours, respectively, in the final cycle. The Mach number
used was 0.2.

o.os -

-0.15 -

-0.35

Nondimensional time

Fig. 9 Time history of the lift coefficient for the final four cycles of
the vortex shedding patterns for Re = 100.

a) Streamlines

^tfjso£^0
b) Vorticity contours

Fig. 10 Vortex shedding pattern for the final cycle for Re = 100: a)
streamlines, and b) vorticity contours.

Shock-Boundary-Layer Interaction Problem
This case demonstrates the shock-capturing capability of

the present procedure. This case has been studied by several
other researchers,2'3 and a more detailed description of this
problem can be obtained from their work. The freestream
Mach number is 2 and Reynolds number, based on the dis-
tance from the leading edge to the point at which the im-
pinging shock intersected the plate, is 0.296 x 106. The strength
of the impinging shock is strong enough to cause the laminar
boundary layer to separate. The angle of this impinging shock
is 32.6 deg. An 81 x 81 grid was used.

The grid was uniform in the main flow direction and stretched
in the cross-stream direction witn the minimum nondimen-
sional grid increment of 1.0 x 10~4 next to the wall. The
computational domain began five grid points ahead of the
leading edge of the plate, and top boundary extended far
enough to allow the leading-edge shock to pass through the
outflow boundary. This treatment eliminates the need for
using nonreflective boundary condtions at the top boundary.

Freestream conditions were specified at the inlet boundary
below the impinging shock. The postshock conditions were
specified at the inlet boundary above the impinging shock and
along the top boundary. Extrapolation was used at the outflow
boundary. Noslip conditions, zero normal pressure gradient,
and an adiabatic wall temperature were used at the wall.

The results are shown for wall-pressure and skin-friction
distributions in Figs. 11 and 12, respectively. The pressure
contours are shown in Fig. 13. The above results compare
reasonably well with the results in the literature2-38 40 and
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1.5
Present results (81X81)
Experiment (Hakkinen et al.)
Thomas and Walters
Beam and Warming
Buelow

Fig. 11 Pressure-coefficient, Cp (=p/px), distribution along the wall.

Present results (81X81)
Experiment (Hakkinen et al.)
Thomas and Walters
Beam and Warming
Buelow

Conclusions
A coupled solution strategy for the time-dependent com-

pressible form of the Navier-Stokes equations that appears to
be effective for Mach numbers ranging from the incompres-
sible limit (MM ~ 0.01) to supersonic has been developed.
The approach employs the strong conservation form of the
governing equations but uses primitive (w, v, p, T) variables
rather than the more traditional conserved (p, pw, pv, et)
variables as unknowns. This choice of variables simplifies the
treatment of viscous terms and enhances effectiveness at low
Mach numbers by allowing the density to be removed from
the difference equations. A coupled modified strongly implicit
procedure was used to efficiently solve the Newton-linearized
algebraic equations. Generally, it was found that smoothing
was not needed to control spatial oscillations in pressure for
subsonic flows despite the use of central differences. Dual-
time stepping was found to further accelerate convergence
for steady flows. Generally good agreement between the pre-
dictions and results in the literature was observed for several
test cases including steady and unsteady low-Mach-number
internal and external flows and a steady shock-boundary-layer
interaction flow on a flat plate in a supersonic stream. The
extension of this algorithm to three-dimensional flow calcu-
lations is currently being investigated.
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Fig. 12 Skin-friction coefficient, Cf (= 2iJRe}, distribution along the
wall.

Fig. 13 Pressure contours for shock-boundary-layer interaction
problem.

demonstrate the shock-capturing capability of the present
scheme. About 1000 iterations were required to obtain the
present converged solutions.

For this supersonic case, smoothing was needed for all var-
iables instead of pressure only as for low-Mach-number cases.
Clearly, the shock resolution obtained by this method can be
improved, but the present results suggest that the formulation
of the scheme is fundamentally correct and sufficient for cap-
turing shocks.

Most of the above calculations were performed on the Apollo
DN 10,000 workstation. The CPU time was approximately
0.0048 s/node/iteration.
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